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We present a network model for the study of melting and liquid structure in two dimensions, the first in
which the presence and energy of topological defects �dislocations and disclinations� and of geometrical
defects �elemental voids� can be independently controlled. Interparticle interaction is via harmonic springs and
control is achieved by Monte Carlo moves which springs can either be orientationally “flipped” between
particles to generate topological defects, or can be “popped” in force-free shape, to generate geometrical
defects. With the geometrical defects suppressed the transition to the liquid phase occurs via disclination
unbinding, as described by the Kosterlitz-Thouless-Halperin-Nelson-Young model and found in soft potential
two-dimensional �2D� systems, such as the dipole-dipole potential �H. H. von Grünberg et al., Phys. Rev. Lett.
93, 255703 �2004��. By contrast, with topological defects suppressed, a disordering transition, the Glaser-Clark
condensation of geometrical defects �M. A. Glaser and N. A. Clark, Adv. Chem. Phys. 83, 543 �1993�; M. A.
Glaser et al., Springer Proceedings in Physics: Dynamics and Patterns in Complex Fluids �Springer-Verlag,
Berlin, 1990�, Vol. 52, p. 141�, produces a state that accurately characterizes the local liquid structure and
first-order melting observed in hard-potential 2D systems, such as hard disk and the Weeks-Chandler-Andersen
�WCA� potentials �M. A. Glaser and co-workers, see above�. Thus both the geometrical and topological defect
systems play a role in melting. The present work introduces a system in which the relative roles of topological
and geometrical defects and their interactions can be explored. We perform Monte Carlo simulations of this
model in the isobaric-isothermal ensemble, and present the phase diagram as well as various thermodynamic,
statistical, and structural quantities as a function of the relative populations of geometrical and topological
defects. The model exhibits a rich phase behavior including hexagonal and square crystals, expanded crystal,
dodecagonal quasicrystal, and isotropic liquid phases. In this system the geometrical defects effectively control
the melting, reducing the solid-liquid transition temperature by a factor of �3 relative to the topological-only
case. The local structure of the dense liquid has been investigated and the results are compared to that from
simulations of WCA systems.
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I. INTRODUCTION

In the 1960’s Bernal tried to understand the liquid phase
near freezing by characterizing its local organization as ar-
rangements of atoms �modeled by hard spheres� into various
kinds of polygons �1–4�. These geometrical defect structures
were defined by the bonds to the centers of neighboring par-
ticles and formed the holes responsible for the lower density
of the liquid relative to the close packing of the solid. In the
modern statistical physics of liquids Bernal’s primarily de-
scriptive approach has been largely abandoned in favor of
the use of integral equations �5�, which enable calculation of
pair correlation functions and the thermodynamic properties
of dense liquids. However, such methods provide little un-
derstanding of the extended multiparticle correlations char-
acteristic of local liquid structure that so fascinated Bernal,
and do not provide a mechanistic picture of the melting tran-
sition. More recently, the Bernal approach was resurrected by
Glaser and Clark �6,7� who, by introducing and developing a
realistic picture of geometrical defect interactions and collec-
tive behavior, described and obtained the geometrical defects
in dense two-dimensional �2D� liquids in the context of a
simple mechanistic model of melting. In this model the de-
fect collectivity, driven by the reduction of local packing
strain due to organization of particles into tilinglike arrange-

ments, yielded both a first order melting transition as well as
an excellent description of local structure in the liquid.

In addition to providing a useful system for developing an
understanding of the local geometry of liquid structure, the
two-dimensional case is even more interesting due to the role
of topological defects �dislocations and disclinations� in the
melting transition. In 2D the energy and entropy of disloca-
tions and disclinations have a similar functional dependence
on defect density, leading to the Kosterlitz-Thouless-
Halperin-Nelson-Young �KTHNY� �8–12� predictions of
melting via topological defect unbinding transitions. Accord-
ing to this model, the solid-liquid transition in two dimen-
sions occurs via two second order phase transitions, corre-
sponding to the successive unbinding of dislocations and
disclinations. In addition, a new phase, the hexatic phase
with only dislocations unbound and characterized by short-
range positional order and by quasi-long-range bond orienta-
tional order, is predicted to appear between the solid and the
liquid.

The KTHNY scenario has received clear experimental
confirmation as the correct picture of melting in the case of a
2D system of particles interacting with a soft dipole-dipole
�1/r3� repulsion �13�. Gompper and Kroll �14� have used an
elastic model bearing some common features with our
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present model �as well as significant differences, especially
nodes represented by hard-core particles� and have found
using finite-size scaling analysis strong support in favor of a
melting process following the KTHNY scenario, although
with a hexatic phase stable over an extremely narrow range
of densities. On the other hand, experimental and simulation
studies of 2D hard-potential systems �e.g., hard disk �HD�,
Weeks-Chandler-Anderson �WCA�, Lennard-Jones�, consis-
tently show melting to be a first order transition. Our previ-
ous HD and WCA molecular dynamics simulations �6� have
focused on the mechanism of melting and were devoted to a
better intuitive understanding of the microscopic structure of
a dense liquid. The results have shown that the melting oc-
curs via a first order phase transition and that an important
aspect of the transition is the appearance of geometrical
�nontopological� disorder in the liquid phase. This disorder
manifests itself in the presence of a significant degree of
square lattice coordination �holes, see Fig. 1� in the liquid
phase with particles adopting local arrangements character-
istic of plane tiling composed of squares and equilateral tri-
angles �ST tiling� �15–17�. Dense random packings �DRPs�
�18,19� exhibit the same kind of ST tilinglike structures and
are quite supportive of the fact that geometrical constraints
play an important role in melting and liquid structure of
“hard” particles. Topological defects are responsible for the
loss of long range positional order characteristic of a liquid,
but the geometrical excitations, not captured by the Voronoi
�20� or Delaunay �the dual of the Voronoi representation�
representations, formed by almost local square organization
of the particles may contribute significantly to the thermody-
namics �i.e., the change in density� occurring at the melting
transition. Both topological and geometrical defects are the
fundamental excitations that control the transition and
formed the basis of our mechanistic picture of a dense liquid:
the two-dimensional melting is a condensation of localized,
thermally generated geometrical, and topological defects.
Condensation is a phase transition resulting from attractive

interactions between the excitation or particles of interest,
i.e., in our case between the defects. The scalar order param-
eter of the transition �i.e., the number density of geometrical
defects� is unrelated to the symmetry-derived order param-
eters and then the global symmetry change could be very
well seen as a side effect of the defect condensation mecha-
nism that drives the 2D melting transition. This picture is
similar to the one obtained in a three-dimensional liquid by
the mechanistic models of Bernal. This is not too surprising,
because in the framework of a melting transition driven
mainly by packing constraints, global symmetry is irrelevant
in determining the characteristics of the melting transition,
then there is no compelling reason that 3D melting should be
qualitatively different from 2D melting.

Based on these observations, we present here a discrete
elastic model constituted by a network of nodes connected
together by elastic springs which capture the essential fea-
tures of the structure of a liquid not too far from the freezing
point. This model can be seen as an analog of the mechanis-
tic models from Bernal, modern computer, and Monte Carlo
techniques allowing a much more powerful tool to probe the
statistical structure of liquids. In the first part of the article,
we describe the discrete elastic model and the numerical
methodology applied in order to mimic a dense liquid. In the
second part we present the phase diagrams obtained with the
model as a function of the relative populations of the two
different kind of excitations. Then the structure of the dense
liquid is discussed in detail and various thermodynamics and
structural quantities are computed and compared with our
earlier simulations, hereafter referred as WCA liquid. In con-
clusion, we summarize our results and discuss their perti-
nence to support the melting mechanism we have proposed.

II. DISCRETE ELASTIC MODEL

From the WCA liquid study, the 2D melting can be seen
as a defect condensation transition involving both geometri-
cal and topological defects. Topological defects �disclina-
tions� are characterized by a number of nearest neighbors
different from 6 �i.e., different from what is expected for a
perfect triangular lattice�. A node �playing in our model the
role of the center of mass of a disklike particle� having five
nearest neighbors is identified as a −1 disclination due to the
fact that it corresponds to the removal of a 60° wedge of
material at a microscopic level, while a node having seven
nearest neighbors is identified as a +1 disclination, corre-
sponding to the addition of a 60° wedge of material at a
microscopic level. An isolated disclination corresponds to
the 60° rotation of a vector oriented along one of the lattice
directions upon parallel transport around a closed circuit en-
closing the disclination and is responsible for the loss of
long-range bond-orientational order in the system. An iso-
lated dislocation is formed by a bound pair of disclination of
opposite strength and corresponds to a nonzero Burger vector
�the amount by which a Burger’s circuit fails to close around
a dislocation� and is responsible for the loss of quasi-long-
range positional order in the system. In the liquid phase, a
Burger’s circuit is an ill-defined quantity since no lattice is
present.

FIG. 1. Voronoi construction for two nearly square arrange-
ments of particles, showing how a small displacement of the par-
ticles can create a disclination quadrupole �right� from a configura-
tion with no disclination. Schematic representation of the holes
created by a geometrical nontopological defect �left�.
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Geometrical defects are nontopological defects and large
amplitude localized geometrical distortions in which the par-
ticles have adopted a nearly square organization but are not
associated with a disclination or dislocation �see Fig. 1�.
There is a clear tendency for particles in the dense 2D WCA
liquid to form local arrangements characteristic of ST tiling.
The WCA liquid can be usefully described as polygon pack-
ing or imperfect tiling �i.e., formed with deformable tiles�,
and the effect of packing constraints on the local geometry of
these dense systems can be embodied in particular tiling
rules that condition the local arrangement of the polygons.
The volume increase upon melting is directly related to the
creation of polygons having more than three sides.

The discrete elastic model is built to mimic the polygon
tiling representation obtained from the Delaunay representa-
tion in the WCA liquid and to reproduce the two kinds of
excitations responsible for the melting transition and the
dense liquid structure. It is constituted by a network of nodes
�playing the role of the center of mass of the disk particles of
the WCA liquid� connected by springs. In addition to the
bond stretching springs, bond angle bending springs have
been considered in order to avoid unphysical folding of the
network at high pressure �Fig. 2�. A solidlike local structure
is characterized by a triangular equilateral network of springs
connecting nodes, or equivalently by a plane tiling of nearly
perfect equilateral triangles. One of the main interests of the
model over its real-particle counterpart is that it is possible to
probe almost independently the effect of topological and
geometrical excitations on the melting transition and the re-
sulting dense liquid structure.

Within the framework of the discrete elastic model, the
creation of topological defects is reproduced by a local
change in the connectivity of the network achieved by the
flipping of a given spring bond between two nodes. The net-
work topology is locally modified, resulting in the creation
of a bound-pair of dislocations �Fig. 3�a��. Such a neutral
quadrupole arrangement does not disrupt the long-range po-
sitional order of the system, but is at the origin of the sub-
sequent creation of topological defects by unbinding mecha-
nism. The creation of isolated dislocations then isolated
disclinations from such a quadrupole is schematically de-
picted in Fig. 3�a�.

A bond breaking achieves the creation of a geometrical
defect �Fig. 3�b��. This procedure allows the two previously
connected nodes to remain in the proximity of their former
nearest neighbors without being strongly bound to them, be-

having as nearly as second neighbors. This is a weaker effect
than the change of neighborhood induced by a bond flipping.
Practically, the bond breaking procedure is accompanied by
an update of the equilibrium bond angles to reflect the in-
duced change in geometry from two equilateral tiles �bond
angle springs set to 60°� to one nearly-square tile �bond
angle springs set to 90°� �Fig. 3�b��.

These two procedures �bond flipping and bond breaking�
are suitable to mimic a system in which the populations of
the two kinds of defects can be controlled and their resulting
effects on the melting transition analyzed. If only bond flip-
ping is allowed, we will talk about a topological only model,
if only bond breaking is allowed, the model will be qualified
of geometrical only model and if both bond flipping and
bond breaking are permitted, we will talk of a topological
and geometrical model. The elastic network connectivity
fluctuations are responsible for the nodes diffusion in our
model. Therefore two nodes initially neighbors will not nec-
essarily remain neighbors forever, at least in the liquid phase.
Finally, it is worth noticing that local, squarelike fluctuation
of the triangular lattice are also present in the topological
only model, and could be exhibited by using a bond dilution
procedure �i.e., removal of all the bonds significantly longer
than the average bond length present in the network�. How-
ever, these fluctuations are, due to the constraints imposed on
the model, much less favorable energetically than in the
model where bond breaking is allowed. This is in this sense
that a distinction has been made between the topological
only model and the topological and geometrical model.

In this article we focus on the minimal model in which
only triangular and square tiles �three- and four-sided poly-
gons� and topological defects with five and seven coordina-
tion numbers are considered. This is in agreement with the
extensive studies performed on the WCA liquid and the ran-
dom close packing system in which it was demonstrated that
these excitations are the most relevant ones.

The Hamiltonian for this system is

H =
Kr

2 �
i,j

�ri,j − a�2 +
K�

2 �
i,j,k

��i,j,k − �p�2 + PA , �1�

where the first sum is on all nonbroken bonds and the second
on all the bond-angle between nonbroken bonds, �a��a is

FIG. 2. Schematic representation of the discrete elastic model,
in which each node is connected to its nearest neighbors with an
elastic spring of equilibrium length a and elastic constant Kr. In
addition, bond-angle springs with equilibrium bending angle �p and
elastic constant K� are used between adjacent springs.

FIG. 3. Illustration of the MC moves performed on the springs
�a� bond flipping to mimic the creation of topological defects �aris-
ing from the unbinding of a quadrupole�; �b� bond breaking to
mimic the creation of a geometrical defect.
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the equilibrium length between the two connected nodes i
and j, and �p is the equilibrium bond angle between nodes i,
j, and k, for the polygon p considered ��p=60°, for p=3, i.e.,
for an equilateral triangle polygon and �p=90°, for p=4, i.e.,
for a square polygon�. In the case when both topological and
geometrical defects are allowed no energetic cost is associ-
ated with the flipping of a broken bond. That is related to the
fact pointed above, that a quadrupole of defects is nearly
topologically equivalent to no defects. Kr is the stretch elas-
tic constant, K� the bend elastic constant, A the area of the
system, and P the external pressure. The properties of the
elastic model depend only on three dimensionless param-
eters, a reduced temperature t, a reduced elastic constant ra-
tio K and a reduced pressure p defined as

t =
kBT

Kra
2 , �2�

K =
K�

Kra
2 , �3�

p =
P

Kra
2 , �4�

where kB is the Boltzmann constant and T the temperature of
the system.

The statistical mechanical properties of the discrete elastic
model are investigated using Metropolis Monte Carlo �MC�
�21� simulations carried out in the isobaric-isothermal en-
semble. Translational node displacements are also considered
in order to relax the local strain induced in the system by the
creation of defects resulting in a network connectivity
change. In addition, the simulation box area is allowed to
fluctuate in order to insure a constant pressure in the system.

III. RESULTS

A. Phase diagrams

In order to check the ability of our model to reproduce the
solid-liquid transition and in order to probe the relative im-
portance of the two kinds of excitations in our model, we
compute the �p , t� phase diagrams corresponding to the cases
when geometrical only, topological only, and both geometri-
cal and topological defects are allowed. A system with N
=100 nodes and then 3N bonds is used. Additional simula-
tions have been carried out for selected state points with
larger systems �N=400 and N=1024 nodes� in order to as-
sess finite size effects and their influence on the location of
the phase boundaries. A value K=0.1 has been chosen for all
the considered models. The effect of an increase of the elas-
tic network stiffness will result in an increase in the liquid-
solid transition temperature and its effects on the location of
other phase boundaries will be studied in another work.

At each state point �p , t�, a Monte Carlo sampling is used
corresponding to 200 000 sweeps for equilibration and 106

sweeps for production. The number of MC sweeps used for
equilibration has been adjusted by carefully monitoring the
variations of various instantaneous thermodynamic and

structural quantities �in particular the average number of to-
pological and geometrical defects� in order to ensure a
proper equilibration of the largest system-size �N=1024�
studied. The same number of sweeps has been used on
smaller-size systems. The rough location of the phase bound-
aries is obtained upon heating the system by successive steps
�t. Smaller steps in temperature are subsequently used in
order to refine the phase boundary location. Every sweep
consists in the attempting move of the N nodes, attempting
move of the 3N bonds �i.e., only flipping in the case when
topological only defects are considered, only breaking when
only geometrical defects are considered and either breaking
or flipping when both kinds of excitations are present� and
one attempting move of the simulation box �either only the
area, or only the shape or a combination of the two precedent
kinds� in order to keep a pressure fluctuating around the
specified value.

For each pressure, the location of the phase transition as a
function of the reduced temperature, and the structure of the
phases are determined by computing the equation of state,
the energy, the specific heat and the magnitude of the bond-
orientational order parameters. We define a m-fold local
bond orientational order parameter

�m � �mi
=

1

ni
�
j=1

ni

exp�im�ij� , �5�

where the sum runs over the ni nearest neighbors of particle
i and �ij is the angle of the bond between particle i and its jth
neighbor with respect to a reference direction. In addition we
define a global m-fold order parameter

�m =
1

N
�
i=1

N

�m �6�

which gives a signature of the global m-fold order present in
the system. We focus here on �4, �6, and �12 which are,
respectively, sensitive to squarelike solid phase, triangular
solid phase, and dodecagonal quasicrystalline �QX� phase. A
liquid phase will be characterized by negligible magnitudes
of these three order parameters.

The resulting phase diagrams corresponding to the geo-
metrical only model, the topological only model, and the
topological and geometrical model are presented, respec-
tively, from top to bottom on Fig. 4. Phase boundaries are
estimated by studying the variation of order parameters as a
function of reduced temperature at fixed reduced pressure.
An example of such behavior is shown in Fig. 5 �top� for the
topological and geometrical model. The evolution of the
number of topological and geometrical defects in each phase
is also shown in Fig. 5 �bottom�.

When only geometrical defects are allowed �Fig. 4, top�
no change in symmetry is expected. The system exhibits a
hexagonal crystal phase �Xh�, an expanded hexagonal crystal
�EX�, i.e., a hexagonal crystal with a lower density due to the
presence of a significant number of geometrical defects
�squarelike fluctuations� and a quasicrystalline �QX� phase
�dodecagonal, formed by perfect ST tiling �22–25��. A triple
point �Xh, QX, EX� is located around p	0.03 and t
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	0.0068. The crystal-expanded crystal transition is similar
to a liquid-gas phase transition and therefore is first order
and end by a critical point located around p=0.055. The
location of this phase boundary has been characterized by the
apparition of a sharp peak in the variation of the specific heat
with the temperature. A representative configuration of the
expanded crystal is shown in Fig. 6.

The location of the critical point has been achieved by
performing additional simulations with the N=1024 system
at a pressure p=0.05 and p=0.07. At this latter pressure no
discontinuity in the order parameters or peak in the specific
heat is noticeable. At pressures lower than p=0.03 a
quasicrystalline phase is stabilized. The relative stability of
the hexagonal crystal phase �i.e., a perfect tiling of the plane
with equilateral triangular tiles� and the dodecagonal quasi-
crystalline phase �i.e., a perfect tiling of the plane with equi-
lateral triangular and square tiles� arises as a competition
between the entropy of configuration �the different arrange-
ment of the tiles�—and to a lesser extent the entropy of vi-
bration of the nodes—and the enthalpy �the volume change�.
At low enough pressure, the gain in entropy induced by a
quasicrystalline phase overcomes the increase in volume for
a given range of temperature �0.005� t�0.0071, at p=0�,

stabilizing the QX phase. As expected the range of stability
of the QX phase with respect to the crystal phase decreases
when the pressure increases. As shown for p=0.02, finite-
size effects seem to increase the range of stability �vs the
crystal phase�. A representative configuration �p=0.02 and
t=0.0064� of the dodecagonal quasicrystalline phase is
shown in Fig. 6. The number of square polygons divided by
the number of triangle polygons is �0.44 and is constant
within the full temperature range �0.006� t�0.007� of exis-
tence of the quasicrystal phase at p=0.02. This value is in
good agreement with the value �
3/4� obtained with random
tiling models �which cover the plane with a set of rigid tiles
without gap� when the fraction of total tiling area occupied
by square tiles is equal to the fraction occupied by triangle
tiles, i.e., when the system exhibits twelvefold rotational
symmetry. At the same reduced pressure, the ratio square
tiles over triangle tiles is �0.41 for the N=100 nodes sys-
tem. Finite-size effects seem to decrease the probability of
occurrence of geometrical defects, but do not appear to have
significant role on phase boundaries.

The topological only phase diagram �Fig. 4, center� ex-
hibits a hexagonal crystal phase �Xh� and a dense liquid due
to the presence of topological defects. A phase transition be-
tween these two phases occurs over the full range of pres-
sures studied. At each pressure, a well defined peak in the
specific heat appears at the transition but due to finite-size
effects it is difficult to probe the nature of the transition. The
phase diagram reported here has been computed upon heat-
ing. No significant hysteresis has been observed upon cool-
ing. Studies carried out for the larger system N=1024 at p

FIG. 4. �Color online� Phase diagrams obtained for a system of
N=100 �circles� nodes with K=0.1 as a function of temperature t
and pressure p: geometrical only defects �top�; topological only
defects �center�, the upper dashed line being an estimate of the
Kosterlitz-Thouless transition temperature; both topological and
geometrical defects �bottom�. Xh represents an hexagonal crystal
phase, EX an expanded hexagonal crystal, Xs a square crystal phase,
QX a dodecagonal quasicrystal phase, and L the dense liquid phase.
Results obtained at selected pressures for N=400 �squares� and N
=1024 �triangles� are also shown.

FIG. 5. Representative evolution of various order parameters
�top� and defects distribution �bottom�, as a function of the reduced
temperature, for the topological and geometrical model, with N
=1024 at p=0.01. Top: ��4�2 ���; ��6�2 ���; ��12�2 ���. Bottom:
topological defects �five- and seven-coordination nodes� ���; geo-
metrical defects �broken bonds� ���. The vertical lines represent the
location of Xh-QX, QX-Xs, and Xs-L phase transitions.
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=0.02 and p=0.08 indicate that the defect unbinding phase
boundary is shifted downward, lowering the transition tem-
perature by about 15%. This finite-size effect shift is compa-
rable to that found by Grünberg et al. �13� as well as other
2D simulations and experiments �26–29�. Typical examples
of the liquid phase are presented in Fig. 6, for a temperature
close to the melting point and for a temperature deeper into
the liquid phase. It is interesting to notice, from the “slope”
of the solid-liquid phase transition line, using the Clapeyron
relation, that our model leads to the formation of a liquid
denser than its solid phase. Even if this feature is not uncom-
mon for real liquids, it seems that in our case, this effect is
related to the intrinsic nature of the discrete model. Topologi-
cal defects seem to create local compressible regions, in-
creasing the density in the system. On the phase diagram is
also reported the predicted theoretical phase transition �see
the Appendix� from the Kosterlitz-Thouless �KT� model that
corresponds to the unbinding of pairs of dislocations. It is
thought to be the upper limit for the transition to occur if no
other mechanism preempts it. We notice that the KT predic-
tion for our model is around two times larger than the tran-
sition temperatures obtained from the elastic model simula-
tion. However, our estimations have been done at T=0 and
taking into account the topological defects will decrease sen-
sitively the predicted values.

The model when both topological and geometrical defects
are allowed �Fig. 4, bottom� exhibits a richer phase behavior
than the geometrical only model with the presence of a hex-
agonal crystal �Xh� phase, a square crystal �Xs� phase, a
dodecagonal quasicrystal phase, and a liquid �L� phase. Typi-
cal examples of these phases are shown in Fig. 7. Two triple
points are present, a �QX, Xs , L� located around p	0.03 and
t	0.0065 and a �Xh, QX, L� triple point located around p
	0.06 and t	0.006. If we make abstraction of the presence
of the square crystal phase and we extend the upper phase
boundary of the quasicrystalline phase toward p=0, we no-

tice that the temperature range of existence of the quasicrys-
talline phase is comparable to the one present in the geo-
metrical only model. However, the stability range in pressure
of the quasicrystalline phase is almost twice as large as in the
geometrical only model, due to the presence of topological
defects that allow a larger gain both in entropy of conforma-
tion �by introducing tiling faults� and in entropy of vibration.
By comparison with the geometrical only model, the number
of square tiles divided by the number of triangle tiles is
around �0.45 in the quasicrytalline phase, at p=0.02 for the
system with N=100 nodes. At p=0.01 and p=0.04, for the
N=1024 system, the ratio square/triangle is roughly in the
range �0.43–0.44. Quite surprisingly, for pressure lower
than p	0.03, a square crystal phase preempts, at high
enough temperature, the full apparition of the quasicrystal-
line phase. This phase seems to become energetically favor-
able with respect to both the quasicrystalline phase and the
liquid phase and quite interestingly is not present for the
geometrical only model. It seems likely that this is due to a
feature of the elastic model, in which bond entropy is con-
tributing to the total entropy of the system. Because a broken
bond is free to flip without any energy cost, the gain in bond
entropy overcomes the loss in entropy of configuration and
the increase in volume and stabilizes the square crystal with
respect to the quasicrystal and the liquid phase at low enough
pressure and high enough temperature. This is probably the
same reason that leads, at the same pressure �p=0.02� and
for the same temperature range, the quasicrystalline phase of
the geometrical only model to exhibit slightly less squarelike
polygons than the topological and geometrical model. For
pressures larger than p	0.06 a transition occurs between a
hexagonal crystal and a dense liquid. The change in symme-
try of the system is governed by the topological defects.
Studies at p=0.08 with the N=1024 nodes system seem to
indicate, as in the geometrical only model, that the location
of the solid-liquid phase boundary is not very sensitive to
finite-size effects.

FIG. 6. �Color� Representative configurations for the geometri-
cal only model �top� and for the topological only model �bottom�,
for N=1024. From top to bottom and from left to right: dodecago-
nal crystal �QX� at p=0.02, t=0.0064; expanded crystal �EX� at p
=0.02, t=0.008; dense liquid �L� at p=0.08, t=0.024 �tc�0.023�;
dense liquid �L� at p=0.08, t=0.028. The red circle represent −1
topological defects and blue circles represent +1 topological de-
fects. Only nonbroken bonds are represented.

FIG. 7. �Color� Representative configurations for the topological
and geometrical model for N=1024. From top to bottom and from
left to right: hexagonal crystal �Xh� at p=0.08, t=0.005; square
crystal �Xs� at p=0.01, t=0.007; dodecagonal quasicrystal �QX� at
p=0.04, t=0.0056; dense liquid �L� at p=0.08, t=0.007. The red
circles represent −1 topological defects and blue circles represent
+1 topological defects. Only nonbroken bonds are represented.

LANSAC, GLASER, AND CLARK PHYSICAL REVIEW E 73, 041501 �2006�

041501-6



The most striking feature of the phase diagrams presented
in Fig. 4 is the dramatic decrease �by a factor of 3 to 4� in the
solid-liquid transition temperature upon inclusion of geo-
metrical �as well as topological� defects. Evidently, the geo-
metrical defects significantly stabilize the liquid phase rela-
tive to the solid phase. This is the potential energy per node
u=U /N which mainly sets the scale of the solid-liquid tran-
sition temperature tc. At p=0.08 and N=1024 the difference
in potential energy per node at the transition �u�tc	0.023�
for the topological only model is �0.012 while for the topo-
logical and geometrical model, at tc	0.0065 it is �0.003,
i.e., a factor 4 smaller in magnitude and of the same order of
magnitude than the observed decrease in transition tempera-
ture. Upon melting, the appearance and proliferation of de-
fects in the topological only model induces high strain on the
elastic network. Geometrical defects present in the topologi-
cal and geometrical model, by allowing the release of this
high strain in the elastic network, are the main responsible
�an increase in entropy coming from the bond entropy con-
tribution present in our model could also play a secondary
role� for the dramatic decrease of the melting temperature.
This observation is quite supportive of the idea that the geo-
metrical defects are the main responsible of the thermody-
namic phase transition. In our picture the topological defects
could be only a side consequence of the creation of the rel-
evant excitations �geometrical� to the melting transition.
Moreover, the transition temperatures are similar, at a given
pressure, to those obtained in the case when geometrical only
defects are allowed, enhancing the idea that the melting is
mainly driven by the geometrical excitations.

The relative variation of volume upon melting �v /vS with
�v=vL−vS, vL, and vS being, respectively, the volume of the
liquid and solid phase is similar for the topological only
model and for the topological and geometrical model. It is
also of the same order of magnitude than for the WCA simu-
lation. Due to the presence of the squarelike polygons, the
topological and geometrical model leads to values �50%
larger than the topological only model and which are in
closer agreement with the WCA simulation ��v /vS	0.03�.
The change of entropy per particle on melting �s is also
similar for both models but is significantly larger
��30–80 % as a function of pressure� than the one usually
found ��s	0.4kB� in other 2D simulations, in DRP and in
theory.

System size dependence varies as the logarithm of the 2D
melting transitions and is related to the inclusion of longer
range fluctuations. While it is important to study such weak
effects to test precisely theoretical predictions, such as the
KTHNY scenario �13�, they are not as important for the
present exploratory work intended to assess the behavior of a
new mechanistic model. Moreover, results obtained on a 10
times larger system, showing either no strong system size
dependence �geometrical only and geometrical and topologi-
cal models� or a 15% decrease �topological only� in the melt-
ing temperature comfort us that the qualitative features of the
phase diagram are correctly captured by the present simula-
tions.

B. Liquid structures

The structure of the dense liquid exhibited by the elastic
model is investigated in more detail with the larger system,

N=1024, at a reduced pressure p=0.08 for both the topologi-
cal only model and the topological and geometrical model.
This relatively high pressure have been chosen in order to
avoid the complication in the comparison introduced by the
presence of quasicrystalline and squarelike crystal structure.
In order to study the microscopic structure of the dense liq-
uid we chose a reduced temperature tl such that �tl− tc� / tc
	C, the C constant being the same for both the topological
only model and the topological and geometrical model. In
addition, we compare the dense liquid structure to the WCA
liquid structure obtained at a density �l. Figure 8 shows the
radial pair correlation function and the bond-orientational
correlation function for the topological and geometrical
model at a reduced temperature t=0.007. The correlation
functions exhibit the typical behavior of a dense liquid with
short-range positional and bond-orientational order �within
the finite-size effects�.

Upon the solid-liquid transition, the number of topologi-
cal and geometrical defects increases dramatically. We can
notice that the number of topological defects is significantly
higher when bond breaking is allowed �Table I�. This is
mainly due to the fact that a broken bond is free to flip
without energy penalty in our model. This is a feature that is
present in the particle-based system for which a very slight
motion of neighbor particles leads to the creation of a defect
quadrupole �see Fig. 1�. It could also be due to stress release
or screening effects which favor the proliferation of topologi-
cal defects at a lower energetic cost.

For the topological and geometrical model, the number of
broken bonds �and then the number of squarelike geometri-
cal defects� in the liquid phase is around 28%. By compari-
son, the WCA liquid exhibits only 15% of broken bonds at
�l=0.80 �the chosen density for our comparison�, this num-
ber increasing deeper in the liquid phase �22% at �l=0.70
�6��.

FIG. 8. Typical radial correlation function in the dense liquid
phase of the topological and geometrical model, N=1024, p=0.08,
t=0.007. Top: radial pair correlation function g�r*�. Bottom: radial
bond-orientational order correlation function g6�r*� with r*=r /a.
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In Figs. 6 and 7, we notice that the topological defects are
highly correlated forming chains of alternating signs. The
geometrical defects are also highly correlated and aggregate
in different structures. It is of interest to try to make a vertex
classification in which vertices are classified according to the
sequence of polygons �squares and triangles� present around
a given vertex. Square-triangle �ST� tiling are models used to
describe liquids �15–17� and more recently some dodecago-
nal quasicrystals �22–25�. There are four vertex types, here-
after referred as types A, B, C, and D, which are involved in
ST plane tiling �6,7�. Our results, displayed in Table II show
that vertex of types B and C are quite common in our model.
In this sense, the local arrangement of three- and four-sided
polygons appears to be strongly conditioned by tiling rules
with a clear tendency for the three- and four-sided polygons
to form structure characteristics of ST tiling. It is worth no-
ticing that the vertex types listed in Table II account, respec-
tively, for 99.8 and 66 % of the total vertex types present in
the elastic model �topological and geometrical� and the WCA
liquid. The relatively low percentage obtained for the WCA
liquid is due to the fact that vertex types involving tiles with
more than four sides are present �for example vertex types
involving one hexagonal tile account for 22% of the total
vertex types present�. Our model exhibits a tendency to have
more types B and C vertex than types A and B. If the popu-
lation of vertex D is also low in the case of the WCA, the
vertex A �corresponding to a perfect local solidlike region�
are more numerous than in the elastic network model. This
trend is increased further by decreasing the overall network
rigidity.

Of course, there are also many violations of the tiling rule.
The vertex types E, F, G, H, and I correspond to tiling faults
and they account respectively for 25 and 27 % of the total
vertex type, respectively, for the elastic model and the WCA
liquid. Vertex types E and F appear to be the most common
tiling faults with type E most probable than type F for both
the elastic model and the WCA liquid. From a vertex type
point of view, the elastic model exhibits features that are
close from those of the WCA liquid. The elastic model
comes closer to the WCA liquid but the network rigidity
seems still slightly too small to be able to capture one im-
portant feature of the WCA liquid, i.e., the fact that the most
common vertex remains the type A, since more types B and
C are present in our model.

We can see the dense liquid as a generalized tiling model
in which the tiles �triangles and squares� are deformable,
leading to the creation of tiling faults. A measure of the rate
of deformation of a perfect ST tile can be obtained by com-
puting the tiling charge associated to each vertex in our sys-
tem. This can be done by computing �6�

c� = 6��
j=1

n� �1

2
−

1

pj
 − 1� , �7�

where the sum ranges over the n� polygons which are around
a vertex �, and pj is the number of sides of the jth polygon.

It is easy to verify that the “quantum” of tiling charge is
1 /10 in generalized tiling consisting of tiles having six or
fewer sides, and we are expressing the tiling charge in tenths.
For example vertices E and F have a tiling charge of ±1/2,
corresponding to ±5 tenths. Vertices corresponding to the
perfect ST tiling, i.e., types A, B, C, and D, have a zero tiling
charge. In our model, due to the restriction we imposed on
the nature of the allowed geometrical defects, only tiling
charges of strengths 0, ±5 and ±10 are possible. We notice
that in our system �Table III�, the larger tiling charges ac-
count only for �1% of the total tiling charge, suggesting that
the local arrangements of polygons are strongly conditioned
by tiling rules. There is a strong tendency for polygons to
aggregate into structures which minimize the tiling charge
around the vertices. Then, the geometrical defects have at-
tractive, anisotropic interactions �due to their shape� that
cause them to aggregate in a way that the tiling charge at a
given vertex is minimized. Then the emerging picture is that
the solid-liquid transition is the result of the proliferation and
condensation of the geometrical defects into grain-boundary-
like structure.

Extensive regions of sixfold order are present in the dense
WCA liquid. The typical size of these solidlike regions in-
creases rapidly near the freezing density. The spatial aggre-
gation of topological defects, evident in Figs. 6 and 7 is
directly related to the other prominent features of the dense
liquid, i.e., the existence of the large solidlike regions that
appear as rafts of nearly hexagonal Voronoi cells. This dra-
matic spatial inhomogeneity is a consequence of the defect
condensation transition which induces the melting transition
and which is seen as the qualitative key feature for a micro-
scopic understanding of a 2D dense liquid. The same behav-
ior has been observed in the WCA liquid.

TABLE I. Probalities of occurrence of various coordination
numbers.

Coordination
number

Topological
and geometrical

Topological
only

WCA
liquid

3 0 0 0

4 0 0 4.31	10−4

5 0.2284 0.1020 0.1513

6 0.5432 0.7960 0.6987

7 0.2284 0.1020 0.1469

8 0 0 2.63	10−3

9 0 0 2.8	10−8

TABLE II. Probalities of occurrence of various vertex types.

Vertex type Topological and geometrical WCA liquid

A 0.116 0.158

B 0.288 0.123

C 0.319 0.106

D 0.021 0.005

E 0.082 0.111

F 0.073 0.102

G 0.045 0.027

H 0.027 0.017

I 0.027 0.015
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The solidlike clusters are interesting not only by them-
selves but also and mainly because they are a very important
feature of the structure of a dense liquid and then, will play
an important role on the resulting properties of the liquid, in
particular on the transport properties such as viscosity. Con-
temporary liquid state theory is incapable of predicting the
detailed characteristics of such solidlike fluctuations.

Figure 9�a� show an example, for the topological only
model in the dense liquid phase, of the cluster size distribu-
tion ns=Ns /N, where Ns is the average number of clusters
containing s nodes and N is the total number of nodes in the
system. Due to the usual normalization used in percolation
theory �sns=Nc /N, Nc being the total number of ordered
clusters. The solid clusters were identified by using the cri-
terion that the local sixfold order parameter satisfies ��6�

0.75. We found that the whole distributions are quite well
described by the functional form

ns = As−�s exp�− s/�s� . �8�

This is the form roughly predicted by the Fisher droplet
model �30� of condensation and which represents a special
case of the scaling ansatz used in percolation theory �31,32�.
We have a power law behavior for small cluster size, and a
crossover towards an exponential behavior for large cluster
size. The fits to this functional form are quite good with,
however, systematic deviation for large s. This deviation at
large s is more significant in the topological and geometrical
model than in the topological only model.

For the topological only model, �s varies in the range
1.3–1.5 decreasing with decreased temperature, while in the
topological and geometrical model �s varies in the range

1.2–1.3 and exhibits a relatively smaller variation with a de-
crease in temperature. The topological only model bears
more features with the WCA fluid, which exhibits values of
�s in the range 1.2–1.5 decreasing with decreasing density. It
is interesting to notice that single percolation models exhibit
a constant value of �s for varying site or bond occupation
probabilities. Though the interpretation of �s is not clear, it is
probably connected to the geometry of the boundaries be-
tween ordered regions and then, to the tiling rules governing
the dense liquid.

In the same way, for the topological only model �s �which
characterizes the typical size of the ordered clusters, lies in
the range 20–150, decreasing with decreasing temperature
while �s varies in the range �s=5–10, decreasing with de-
creasing temperature for the topological and geometrical
model. In comparison, the WCA fluid exhibits a divergence
near the freezing transition. This divergence has been attrib-
uted to finite-size effects and is connected to the presence of
large-size clusters which will be of large but finite size in an
infinite system but which are in the system used spanning the
entire simulation box. Such an effect does not seem to hap-
pen in our case.

In conclusion, for a finite system, ns consists of two parts:
a size-independent portion at small s and a size-dependent
part at large s which develops near freezing. More detailed
information can be obtained by computing the shape of the
clusters by calculating their radius of gyration that is related
to their size s by

TABLE III. Probalities of occurrence of various values of the
tiling charge.

Tiling charge
�in tenths�

Topological
and geometrical

WCA
liquid

−10 9	10−3 5.67	10−3

−9 0 2.25	10−3

−7 0 0.0378

−6 0 3.13	10−4

−5 0.1269 0.1462

−4 0 9.6	10−3

−2 0 0.1056

0 0.7447 0.4017

1 0 8.26	10−3

3 0 0.0901

4 0 5.7	10−4

5 0.1263 0.1413

6 0 8.53	10−3

8 0 0.0224

9 0 1.16	10−4

10 0.0012 0.0107

FIG. 9. �Color online� Distribution functions, in the case of the
topological only model with K=0.1 and t=0.025, of �a� the cluster
size ns. The solid line represents a fit to Eq. �8�; �b� the cluster
radius of gyration. The solid line represents a fit to Eq. �9�.
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Rg =
 1

ns
�
j=1

ns

�r j − rc.m.�2  s1/Df , �9�

where the sum runs over the j particles at position r j inside
the given cluster and rc.m. is the center of mass of the cluster.
Df is the fractal dimension of the cluster, a value of Df =2 or
close to 2 indicates a smooth rounded cluster while a signifi-
cantly lower value indicates a rough cluster shape. To per-
form this analysis and due to the periodic boundary condi-
tions the spanning clusters are identified and discarded.
Figure 9�b� shows the distribution function for the radius of
gyration Rg as a function of the cluster size s for the topo-
logical only model and in the dense liquid phase. A fit to the
functional form gives the range of variation of Df with the
temperature. In the topological only model Df varies in the
range Df =1.5 to Df =1.75 near the freezing point, while in
the topological and geometrical model, Df varies in a range
from Df =1.6 to Df =1.9 near freezing. For comparison, the
WCA liquid exhibits a fractal dimension Df varying in the
range Df =1.6 to Df =1.85 near the freezing density. In the
three cases, the same general qualitative feature is present:
the solid clusters have a much smoother interface with the
surrounding liquid near the freezing point than deeper inside
the dense liquid phase. In addition, on a more quantitative
point of view, it seems that the topological and geometrical
model gives cluster shape in closer agreement with the WCA
liquid than the topological only case. In particular the shape
of the solid clusters is far smoother near freezing for the
topological and geometrical model than for the topological
only model.

IV. CONCLUSION

We have studied a simple elastic network model in order
to be able to probe the relative role of the two fundamental
excitations that, in our opinion, are important for the melting
transition. Phase diagram obtained when only geometrical
defects are present exhibits two crystal phases with hexago-
nal symmetry and different density as well as a dodecagonal
quasicrystalline phase. When topological defects are allowed
a transition between a solid and a liquid occurs. The topo-
logical and geometrical model exhibits in addition a rich
phase behavior with hexagonal crystal, dodecagonal crystal,
square crystal, and liquid phases. The main result is that the
solid-liquid transition temperature exhibited by the model in
which geometrical defects are allowed �in addition of topo-
logical defects� is decreased by a factor 3 to 4 with respect to
the transition temperature exhibited in the model where geo-
metrical defects are forbidden. Evidently, geometrical defects
stabilize the liquid phase with respect to the solid phase by
releasing the high strain present in the elastic network when
topological only defects are present. This observation is quite
supportive of the idea that if topological defects are respon-
sible for the loss of long range positional and bond-
orientational order, geometrical defects contribute signifi-
cantly to the thermodynamics of the phase transition.
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APPENDIX: INTERACTION PARAMETERS

The KT temperature transition is expressed by

kBT =
K̄

16�
, �A1�

where K̄ is the bare elastic constant and can be expressed as
a function of the Lamé coefficients of the 2D solid �33�:

K̄ =
4�B

� + B
, �A2�

where B=−A��P /�A� is the bulk modulus, and � is the shear
modulus expressed by �34�

� = −
A�

A
�1 + ��−1P�1 + �T�−1, �A3�

where A� is the deformed volume, � is the strain tensor, �T, is
its transposed, and P is the microscopic stress tensor defined
as

P�� =
1

A�
�

i
�
j�i

rij�Fij� �A4�

where rij�=ri�−rj� is the � component of the distance be-
tween particles i and j and Fij� is the � component of the
force due to the particle i on particle j.

In order to have a rough analytical idea of the magnitude
of the predicted KT transition we compute the Lamé coeffi-
cients in the framework of our model at T=0, i.e., consider-
ing that we have a perfect 2D-triangular solid lattice. More-
over we assume that the pure shear strain is infinitesimal.

At the first order in strain magnitude, the bulk and shear
modulus are expressed in dimensionless variables by

B =

3

2 �1 +
p

3

 , �A5�

� =
p

2
+


3

2 �1 + 3K�1 +
p

3

� . �A6�

Then, the dimensionless KT transition temperature tKT
=kBTKT/Kra

2 is

tKT =

p + 
3�1 + 3K�1 +
p

3

2�
1 +

3

2
K�1 +

p

3

 . �A7�
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